In this paper, we employ iteration on operator version of the famous Young inequality and obtain more arithmetic-geometric mean inequalities and the reverse versions for positive operators. Concretely, we obtain refined Young inequalities with the Kantorovich constant, the reverse ratio type and difference type inequalities for arithmetic-geometric operator mean under different conditions.
Introduction

ii) S(t) is a monotone increasing function on (, +∞). (iii) S(t) is a monotone decreasing function on (, ).
We start from an improvement of the famous Young inequality as follows. 
These inequalities have recently been improved by Furuichi [] as follows. 
This paper aims to provide a method to obtain more arithmetic-geometric mean inequalities and the reverse version for positive operators. In Section , we introduce the main lemmas. In Section , utilizing the refined Young inequality and iteration method, we establish some weighted arithmetic-geometric mean inequality for two positive operators. We also obtain reverse ratio type and difference type inequalities for positive operators by means of iteration under different conditions in Section  and Section , respectively.
Main lemmas
First of all, the main lemmas including operator iteration can be stated as follows. 
.
Further refinement of the Young inequalities
In this section, we use the scalar ratio type arithmetic-geometric mean inequality to get a series of operator versions.
where r = min{μ,  -μ} and h = b a .
Using the method of the proof of Theorem  in [] we can obtain the following theorem.
for any x > . And hence
 for X in the above inequality we have
It is easy to check that the function K(x, ) is increasing for x > , then
Multiplying both sides by A   to inequality (.), we obtain the required inequality. For the case of  < h ≤ A
, similarly we obtain inequality (.).
Theorem . For two operators A, B ≥  and  <
for all μ ∈ [, ], where r = min{μ,  -μ} and R = min{r,  -r}.
respectively. Substituting B by A B and μ by μ in (.), it follows that
By Lemma . and A μ (A B) = A μ B, we have
and then
. By the above inequality we have
Therefore, for  ≤ μ ≤ , we have
This completes the proof. Now, applying the same iteration method as in Theorem . to inequality (.), we obtain the following. 
Corollary . Assume the conditions as in Theorem
where
Proof In the case of (i),
Then Corollary . leads to the required inequality. This completes the proof.
Reverse ratio type arithmetic-geometric mean inequalities
In the following, we show a refinement of reverse arithmetic-geometric mean inequality by applying the main lemmas in Section .
where r = min{μ,  -μ}, R = min{r,  -r}.
√ bA, by substituting B by A B and μ by μ in (i) of Theorem ZF, it follows that
Lemma . leads to the following equalities:
Then it follows by Lemma . that
Then by the inequality (.) we have
Notice that S(
This completes the proof. 
Reverse difference type arithmetic-geometric mean inequalities
In the following theorem we show the corresponding difference type analogs of Theorem .. 
